Math 434 Name:
Final Exam (12-23,32)
May 10, 2004

Please put each problem on a separate sheet of paper. State all theorems you use.

1. (10)
a Define what it means for aring Rto be an integral domain.
b. For what values of nisZ, anintegra domain?

2. (10) Let Rbearing and | be atwo-sided ideal. Prove that R/I iscommutative if and
onlyifrs—sr e I fordlr,se R

3.(10) Let Rand Sberingsand ¢ : R -~ Saring homomor phism.
a Provethat Kery, = {X|¢(x) = O} isanideal of R
b. Provethat if a € Risanidempotent, then ¢(a) is an idempotent of S

4. (10) Let F beafield, a € F, and f(x) € F[x]. Provethat aisazero of f(x) if and
only if x — aisafactor of f(x)

5. (10) Write the following polynomials as the product of irreducible factors over the
given fields.

a  3xX?>+x+4overZ;

b. 2x?>+x+3overZs

c. X°+3+3overQ

6. (10) Prove that a Euclidean domainisaPID

7. (10) Find the splitting field for x3 + x + 1 over Z,. Expressx3 + x + 1 as a product of
linear factors over the splitting field.

8. (10) Find the Galois group of Q( V2, /5 ) over Q. Find the fixed fields for each of
the subgroups of the Galois group.

9. (10) Let R be afinite, simple, commutative ring. Provethat Risafield or Rhasa
prime number of elementsandab = Ofor al a,b € R.

10. (10) Letp(x) =x® -1 = (x®-1D)XC+x3+1) = X- DX +x+1(XE+x3+1)
and let o be a primitive 9th root of unity.

Provethat o isnot aroot of (x® + x3 + 1).

Prove that o and »® areroots of (x? + x+ 1)

Provethat w isaroot of (x® +x3 + 1)

Find all therootsof (x® + x3 + 1)

Find the Galois group of x8 + x3 + 1 over Q.
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